We introduce a notion of quasi arithmetic differentials with similar properties as the traditional differential forms. And we prove a height inequality in both number field case and function field case by the construction of quasi arithmetic differentials with same method.
Introduction
Let R be the ring of integers of a number field F , and Y = SpecR. Let π : X −→ Y be a stable family of curves of genus g > 1 over Y . Let
where D F/Q is the absolute value of the discriminant of the number field 
We will prove the following Theorem:
Theorem 1.1 Assume D ⊂ X is an irreducible algebraic curve on X, and the natural morphism D −→ Y is finite. Then for all ε > 0, we have
where O(1) is a constant determined by X C and [F D : Q] and ε.
The constant O(1) in the Theorem above can be taken from a continuous function defined on the moduli space of compact Riemann surfaces. Theorem 1.1 implies a number of conjectures in number theory, which are demonstrated in [V1] [V2] .
To prove Theorem 1.1, we first introduce a notion of quasi arithmetic differentials defined on X. Then we consider the case that D = E P , which is rational over Y . By the construction of quasi arithmetic differentials, we will construct a nonzero element in
where k ≫ 0, and C 0 is a divisor on Y whose degree is bounded by a constant determined by k[F : Q]d Y and g. This will prove Theorem 1.1 for D = E P . Then we prove Theorem 1.1 by taking a base extension. The sketch of the proof is the following: Let ξ be a non zero element of R 0 π * (X, ω ⊗2k+1 X/Y ) ⊗ F , where k ≫ 0. Let D ξ be the divisor determined by ξ = 0 on X ⊗ F . Then there is a natural inner product < θ 1 , θ 2 > for all θ 1 , θ 2 in
defined by the residue of θ 1 θ 2 ξ along D ξ over SpecF . Let N = (2k + 1)(g − 1). Let {η i }, where 1 ≤ i ≤ N, be a set of basis of R 0 π * (X, ω ⊗k+1 X/Y ) ⊗ F over F . We have < η i , η j >= 0 for all i, j. We will prove that there exists a set of elements {η ′ i } in (5) for 1 ≤ i ≤ N, such that < η ′ i , η j >= 2δ ij and < η ′ i , η ′ j >= 0 for all i, j, where δ ij = 0 when i = j and δ ij = 1 when i = j. A choice of quasi arithmetic differentials L(ξ) defined on ξ is defined to be
We have the difference between two choices of quasi arithmetic differentials defined on ξ is an element in ∧ 2 R 0 π * (X, ω ⊗k+1 X/Y ) ⊗ F . We let η * i (L(ξ)) = η ′ i , where {η * i } is the dual basis of {η i } in the dual vector space R 0 π * (X, ω ⊗k+1 X/Y ) ∨ ⊗ F .
Let ξ j be elements in R 0 π * (X, ω ⊗2k+1 X/Y ) ⊗ F that do not have common zeros with each other as sections of ω ⊗2k+1 X/Y on X C , where j = 1, 2, 3. Let D ξ j be the divisor determined by ξ j = 0 as a section of ω ⊗2k+1 X/Y ⊗ F on X ⊗ F . For choices of quasi arithmetic differentials L(ξ j ) where j = 1, 2, 3, we will prove that there exists a unique element η *
is ξ 2 η * i (L(ξ 1 )) and the image of η *
is −ξ 1 η * i (L(ξ 2 )). And we will prove that η * i (L(ξ 1 ), L(ξ 2 )) = −η * i (L(ξ 2 ), L(ξ 1 )) (9)
Then we will prove the linearity of η * i (L(ξ 1 ), L(ξ 2 )) on its variables, and define αL(ξ 1 ) + βL(ξ 2 ) as a choice of quasi arithmetic differentials defined on αξ 1 + βξ 2 for α, β ∈ F . We will prove that the addition of quasi arithmetic differentials is commutative and associative. With linearity of the quasi arithmetic differentials, we will be able to define η * i (L(ξ 1 ), L(ξ 2 )) for the case that ξ 1 and ξ 2 may have common zeros on X C . For any closed point y ∈ Y and non zero element
is an arithmetic analog of classical differential forms on complex manifolds, and η * i (L(ξ 1 ), L(ξ 2 )) is an arithmetic analog of exterior product of differential forms. And they satisfy all the analog properties of differential forms.
We construct a choice of quasi arithmetic differentials in the following method: Let σ : F ֒→ C be a complex embedding. Let A i,j (X σ ) be the sheaf of smooth (i, j) forms on X σ . Note
So there exists a smooth section ω η * i of ω
for all 1 ≤ j ≤ N. Then the restriction of
to D ξ is a choice of quasi arithmetic differentials defined on D ξ , and
Now we prove Theorem 1.1 for D = E P in function field case. Let Y be a smooth curve over complex numbers with genus q ≥ 2. Assume π : X −→ Y is a smooth morphism. We choose divisors C ′ i , C 0 on Y and a set of elements
and
By partition of unity, we can choose smooth sections
on X. Let π 1 : X × Y X −→ X be the morphism that maps (z 1 , z 2 ) to z 1 . Let π 2 : X × Y X −→ X be the morphism that maps (z 1 , z 2 ) to z 2 . Let π 3 : X × Y X −→ Y be the natural morphism. Let ∆ X ⊂ X × Y X be the image of the diagonal map. Let C ′′′ 5 be a divisor on Y with large degree. Let ξ 5 be a nonzero element in
that vanishes along ∆ X with order 1 as a section of
be the divisor determined by ξ 5 = 0 as a section of
where
where ν is a section of ω
⊗3
X/Y (C ′′′ 5 ) on X. We will prove that the restriction of τ
and π
−1
1 E P is a holomorphic section. And the restriction of τ * (ξ 5 ) to D ξ 5 is a holomorphic section u of
on X. Then we prove that the restriction of
over π
gives a nonzero element in
Then by (17) and Lemma 4.1, we prove our Theorem. In number field case, the proof is similar. By choosing ω η * i and ξ 5 suitably, we can prove the following: Lemma 1.2 Let s be an element in
where the residue in (29) is taken with respect to morphism π 2 : D
We use the choice of ω η * i and ξ 5 that are taken to construct s ′ above to replace the choice of ω η * i and ξ 5 in function field case. Then we follow the method in function field case to prove the Theorem in number field case.
In function field case over complex numbers, by the existence of ω η * i , we can prove the following: Let
The natural morphism
is surjective. And this statement is not true in function field case of characteristic p > 0. This is consistent with the fact that Theorem 1.1 is not true in case of characteristic p > 0. In Section 2, we give the construction of quasi arithmetic differentials. In Section 3, we give the proof of the main Theorem in number field case. In Section 4, we give the proof of the main Theorem in function field case. One can read Section 4 first, then read Section 3, because the proof in function field case is simpler.
Quasi arithmetic differentials
If σ : F ֒→ C is a complex imbedding, let X σ = X ⊗ σ C. If D σ ⊂ X σ is a divisor, let the support of D σ on X σ be the set of points where D σ = 0, and we denote it by SuppD σ . Assume ω is a rational section of ω Xσ/SpecC on X σ . For point x ∈ SuppD σ , let U x ⊂ X σ be a sufficiently small disc containing point x. We let the residue
Then we have a canonical inner product ·, · defined on
such that for all θ 1 , θ 2 in (35), we have
where θ 1 θ 2 in (36) denotes a rational section of ω 
Let N = (2k + 1)(g − 1). Let δ ij = 0 for i = j and δ ij = 1 for i = j. Let
Lemma 2.1 There exists a set of elements {η (35) such that, under the canonical inner product, we have the following:
where α ij are elements in F and
Proof. Since we have exact sequence over X ⊗ F ,
X/Y )⊗F over F is N, which is equal to the rank of the quotient of the morphism in (40) over F , so we have the submodule of (35) 
where α ij are elements of F . Hence η 
i.e. α ij = −α ji . Hence our Lemma is true.
We say the set of elements {η (35) that satisfy properties (i) (ii) in the Lemma above a choice of quasi arithmetic differentials defined on ξ. And we denote it by
do not have any common zeros on X C with each other. Let D ξ i be the divisor determined by ξ i = 0 on X ⊗ F for i = 1, 2, 3. Consider the following exact sequence over X ⊗ F :
be a choice of quasi arithmetic differentials defined on ξ i . By (46), for all φ 1j , there exists φ
is ξ 2 φ 1j . Since for all 1 ≤ i, j ≤ N, we have
Hence by the argument in front of (42), we have
in (48), and (48) and (55). Since the degree of
is uniquely determined by (53) and (54).
(ii)
Proof. (i) is clear. For (ii), let t be the left hand side of (58). Since the image of
Lemma 2.4 Assume ξ 1 and ξ 2 do not have common zeros as sections of ω
Proof. Let D α be the divisor determined by ξ 2 + αξ 1 = 0 on X ⊗ F . Then
Corollary 2.5 Assume α, β ∈ F are non zeros. Let
is a choice of quasi arithmetic differentials defined on βξ 2 + αξ 1 .
(
Proof. (i) is implied by Lemma 2.4, while replacing ξ 2 with βξ 2 . (iii) is true because −
over βξ 2 + αξ 1 = 0, and
over ξ 1 = 0. (iv) is true for the same reason.
Definition 2.6 Assume L(ξ 1 ) and L(ξ 2 ) are quasi arithmetic differentials defined on ξ 1 and ξ 2 respectively. Assume α, β ∈ F are nonzero elements, and ξ 1 , ξ 2 , αξ 1 +βξ 2 do not have common zeros with each other as sections of ω
Lemma 2.7 Let ξ 1 , ξ 2 and ξ 3 be elements of
and L(ξ 3 ) be choices of quasi arithmetic differentials defined on ξ 1 , ξ 2 and ξ 3 respectively. Let α, β ∈ F . Assume ξ 1 , ξ 2 , ξ 3 , ξ 1 + ξ 2 , ξ 2 + ξ 3 , ξ 1 + ξ 2 + ξ 3 and αξ 1 + βξ 2 do not have any common zeros with each other as sections of ω
over αξ 1 + βξ 2 = 0. Moreover
over ξ 3 = 0. Hence (i) is true. Let ξ 4 be an element of R 0 π * (X, ω ⊗2k+1 X/Y ) ⊗ F such that ξ 4 does not have common zeros with ξ 1 , ξ 2 , · · · etc. Let L(ξ 4 ) be a choice of quasi arithmetic differentials on ξ 4 . Then
So (iii) is true. And (ii) is true for the same reason.
Corollary 2.8 Let ξ 1 , ξ 2 , ξ 3 and ξ 4 be elements of
and L(ξ 4 ) be choices of quasi arithmetic differentials defined on ξ 1 , ξ 2 , ξ 3 and ξ 4 respectively. Then for all
Proof.
So our Corollary is true.
By Corollary 2.8, we can make the following definition:
Definition 2.9 Assume ξ 1 , ξ 2 are elements of R 0 π * (X, ω ⊗2k+1 X/Y ) ⊗ F that may have common zeros on X C . Assume L(ξ 1 ) and L(ξ 2 ) are choices of quasi arithmetic differentials defined on ξ 1 and ξ 2 respectively. Let ξ 3 be an element of R 0 π * (X, ω 2k+1 X/Y ) ⊗ F , such that ξ 3 and ξ 1 + ξ 3 do not have common zeros with ξ 1 , ξ 2 as sections of ω
for all 1 ≤ i ≤ N.
For closed point y ∈ Y , let ξ y be a nonzero element in
. Assume the divisor determined by ξ y = 0 on X ×Y y is C ξy +D ξy , where D ξy is finite over Y y , and C ξy is supported in the fiber of π over point y. Let L y (ξ y ) be a choice of quasi arithmetic differentials defined on ξ y . We say L y (ξ y ) is regular over y if η * iy (L y (ξ y )) are elements in
Lemma 2.10 Assume ξ 1y is a nonzero element in
Then there exists a choice of quasi arithmetic differentials L y (ξ 1y ) that is regular over y.
Proof. Define C ξ 1y and D ξ 1y for ξ 1y similarly as C ξy and D ξy for ξ y . If C ξ 1y = 0 and D ξ 1y is irreducible, then by the same arguments as in and before the proof of Lemma 2.1, there exists L y (ξ 1y ) that is regular over y. Moreover L y (ξ 1y + ξ 2y ) − L y (ξ 2y ) is a choice of quasi arithmetic differentials defined on ξ 1y for any choice of ξ 2y , L y (ξ 1y + ξ 2y ) and L y (ξ 2y ). So our Lemma is true for any ξ 1y . Now we construct a choice of quasi arithmetic differentials over X C . Let σ : F ֒→ C be a complex embedding. Let X σ = X ⊗ σ C. Let A i,j (X σ ) be the sheaf of smooth (i, j) forms on X σ . Over X σ , we have
For any η
so there exists a smooth section η *
If η * ξ,1 is another choice of smooth section of ω ⊗k+1 X/Y on X σ that satisfies the equality (88), then
so there exists a unique choice of η * i,ξ such that
for all i, j. Let {η * i,ξ } be the unique choice of smooth sections of ω ⊗k+1 X/Y on X σ that satisfies (88) (91) for all i, j.
Theorem 2.11 Let D ξ be the divisor determined by ξ = 0 as a section of ω
The restriction of L • (ξ) to D ξ is a choice of quasi arithmetic differentials defined on ξ over X σ .
Proof. We have
So our Lemma is true.
Lemma 2.12 Let ξ 1 , ξ 2 be elements in
Proof. We can assume ξ 1 and ξ 2 have no common zeros on X σ . For i = 1, 2, let D ξ i be the divisor determined by ξ i = 0 as a section of ω
For the same reason, on D ξ 2 , we have
X/Y ). So our Lemma is true.
Lemma 2.13 Let ξ 1 , ξ 2 be elements in
3 Proof of The Main Theorem Lemma 3.1 Let E P ⊂ X be a curve that is rational over Y . Let C be a divisor on Y . Let k 1 ≥ 0 be an integer. Let
Let ϑ be a nonzero element of M k 1 . Then we have
where the sum is taken over all complex embedding σ : F ֒→ C, and O(1) is a constant determined by X C and k.
Proof. Let D ϑ + C ϑ be the divisor determined by ϑ = 0 as a section of ω ⊗k+1 X/Y (−C) on X, where D ϑ is the horizontal component and C ϑ is the vertical component. Assume D ϑ = l 1 E P + j m j D j , where D j is irreducible and E P is not an element in {D j }. Let n j be the degree of D j over Y . Note
where c 1 is the first arithmetic Chern class. So we have
′ be the maximal value of m j . By (104), we have
Moreover j m j n j = (k + 1)(2g − 2) − l 1 and E P · E P = −ω X/Y · E P and ω 2 X/Y ≥ 0. Then by (106) (107) (108), we have
So by l 1 ≥ −k 1 , we see our Lemma is true.
Lemma 3.2 There exists a set of O
(ii) For all 2 ≤ i ≤ (2k + 1)(g − 1), we have
where O(1) is a constant determined by k and g.
X/Y ) with the smallest norm among all the nonzero elements in 
Moreover
So we have
Therefore we have 
X/Y ) ⊗ F be the subspace generated by η j over F , where j = i. There exists a constant a 3 in (0, π 2 ) that is determined by k and X C , such that the angles between η i and V i ⊗ C are in (a 3 ,
where O(1) is a constant determined by k and X C , and η * i are elements in
Proof. Assume the notations of the previous Lemma. By induction, we choose η
for all complex embedding σ : F ֒→ C, and
where C i ⊂ Y is the divisor determined by η
for all complex embedding σ : F ֒→ C. By (110) (119) and (111), we have log η
Note there exists a set of lattice of full rank {e 3,j } in H i−1 , such that
where α i,j ∈ R, and log e 3,j ≤ log
So there exists η i ∈ H i , such that the angle between η i and the subspace H , and η i = η
. We see our Lemma is true.
Assume the notations in the previous section. Let φ 0 be an element in
2. For every complex embedding σ : F ֒→ C, log φ 0 σ is sufficiently large, and the angle between φ 0 and
].
Let C φ 0 be the divisor determined by φ 0 = 0 as a section of ω ⊗k+1
Let k 3 > 0 be a sufficiently large integer. Let k 2 = 2k 3 and k = 3k 3 . Let
). Let ξ 3 = ξ 1 ξ 2 . Let {η i } be the set of elements constructed in Lemma 3.3. Let D ξ 3 be the divisor determined by ξ 3 = 0 as a section of ω ⊗2k+1 X/Y on X. Let D ξ 2 be the divisor determined by ξ 2 = 0 as a section of ω
Note there exists elements
such that
By (125), there exists an element
Let σ : F ֒→ C be a complex embedding. Let X σ = X ⊗ σ C. We have
Let
be the unique choice of smooth
be the canonical choice of quasi arithmetic differentials constructed from
Now we prove the main Theorem of this paper.
Theorem 3.4 Let E P ⊂ X be a curve that is rational over Y . Then for all ε > 0, there exists constant O(1) determined by ε and X C , such that
Proof. Let ∆ X ⊂ X × Y X be the image of the diagonal map. Let π 1 : X × Y X −→ X be the natural projection that maps (z 1 , z 2 ) to z 1 . Let π 2 : X × Y X −→ X be the natural projection that maps (z 1 , z 2 ) to z 2 . Let
X/Y ) that vanishes along ∆ X with order 1. Let
be the divisor determined by ξ 5 = 0 as a section of π *
where ∆ X is not a component of D ξ 5 . Let τ * be the section of
Let z ∈ X σ be a close point. Let ν z be a generator of ω
By the same argument as in the second part of the proof of Lemma 2.1, we see that there exists a unique smooth section u of
Lemma 3.5 The restriction of τ *
Proof. Note we have
And
So there exists a unique smooth section
, we have the following:
So
, and the restriction of
so the restriction of τ *
Moreover t ′ is an element in (148) and τ * 0 (ξ 5 ) vanishes along D ξ 5 , so τ * 0 (ξ 5 ) is an element in (144).
Let t ′′ be an element in R 0 π * (X, ω ⊗k+1 X/Y ). Note the restriction of
on ∆ X , which is isomorphic to O ∆ X . Assume this section is λ ∈ F . Then we have
So λ = 2. Hence by (140), the restriction of τ * 0 (ξ 5 ) to π −1 1 E P is a nonzero element in (144).
By Lemma 3.5, we see that the restriction of
Therefore by Lemma 3.1, we have
By (129) and the construction of τ * 0 (ξ 5 ), we have
Let k −→ +∞, by (116) (158) (159), we see our Theorem is true.
Note Theorem 1.1 is implied by Theorem 3.4 by base change.
Height Inequality for Function Field Case
Assume Y is a smooth curve of genus q ≥ 2 over C, and morphism π : X −→ Y is smooth. Let E P ⊂ X be a curve that is rational over Y . For any cycle C on E P , we still use C to denote the push-forward cycle of C on Y .
Lemma 4.1 Let C be a divisor on Y . Let k 1 ≥ 0 be an integer. Let
Proof. Exercise. For detail see Lemma 3.1.
Lemma 4.2 There exists a set of O Y modules
Proof. Exercise. For detail, see Lemma 3.2.
Lemma 4.3 There exists divisors C ′ i on Y and a set of elements
, and the image of
(ii) Let {η * i } be the set of dual basis of
and for all 1 ≤ i ≤ (2k + 1)(g − 1), η * i is an element in
Proof. Assume the notations of the previous Lemma. Let C ′′ 0 be a divisor on Y with sufficiently large degree. Let
be the divisor determined by η 
By (164), we have
So there exists a nonzero element η
be the divisor determined by η
Then we have
such that η i,i −η
Then we see (i) is true. For 1 ≤ i < (2k + 1)(g − 1), let C i,3 be the divisor determined by η
Let y ∈ Y be a closed point. Let η y be an element in
For j ≥ i, we have
Then by (172), there exists b j,2 ∈ O Y,y such that
Assume the notations in Section 2. We have
Let {η j } be the set of elements in Lemma 4.3. Let {U i }, where 1 ≤ i ≤ n, be a set of small open sets on Y , such that
and there exists a smooth (0, 1) form ω η * j ,i of ω
is η * j , and ω η * j ,i = 0 on a small open set of π −1 U i containing E P ∩ π −1 U i . Let ρ i be a smooth function with compact support on U i , and
Then ω η * j is a smooth (0, 1) form of ω
Now we prove the main Theorem in function field case.
Theorem 4.4 Let Y be a smooth curve of genus q ≥ 2 over C. Let X be a smooth complex surface with a smooth morphism π : X −→ Y . Assume the generic fiber of π has genus g ≥ 2. Let E P ⊂ X be a curve that is rational over Y . Then we have
Proof. Let ∆ X ⊂ X × Y X be the image of the diagonal map. Let π 1 : X × Y X −→ X be the natural projection that maps (z 1 , z 2 ) to z 1 . Let π 2 : X × Y X −→ X be the natural projection that maps (z 1 , z 2 ) to z 2 . Let 
which is equal to zero on D 1 E P is a nonzero element in
Therefore by Lemma 4.1, we have
Let k −→ +∞, by (165) (199), we see our Theorem is true.
